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Abstract
In this note, we study the graphs with the property that each of their induced subgraphs
has circular clique number (de0ned in Section 2) the same as its clique number, prove that a
graph satis0es such a property if and only if neither itself nor its complement contains an induced
subgraph isomorphic to an odd cycle of length at least 0ve, and then give two conjectures which
are equivalent to the perfect graph conjecture. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
All graphs considered in this paper are 0nite and simple graphs, i.e., 0nite graphs
without multiedges and loops. unde0ned concepts and terminologies can be found
in [3].
Let G=(V; E) be a graph, where V and E denote the set of vertices and edges of
G, respectively. Two vertices u and v are adjacent, denoted by uv∈E(G), if there
is an edge in E(G) joining them. A proper subgraph of G is a subgraph which
is not the graph G itself. A subgraph H of G is called an induced subgraph if
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E(H)= {uv | u∈V (H); u∈V (H), and uv∈E(G)}. A set S⊂V (G) is called an inde-
pendent set if the subgraph induced by S contains no edges. The independent number
of G, denoted by 
(G), is the maximum number of vertices contained in an indepen-
dent set of G. For given graphs G and H , a homomorphism from G to H is a mapping
f from V (G) to V (H) which preserves the adjacent relations, i.e., f(u)f(v)∈E(H)
whenever uv∈E(G).
A coloring of G is a mapping from V (G) to the set of nonnegative integers such
that adjacent vertices have distinct images. An n-coloring of G is a coloring which
uses at most n colors. The least integer n such that G admits an n-coloring is called
the chromatic number of G, and is denoted by (G).
It is easy to see that an n-coloring of G is equivalent to a homomorphism from G to
Kn(the complete graph on n vertices). So, if G contains a subgraph isomorphic to Kl,
then (G)¿l. We use !(G) to denote the clique number of G, which is the maximum
number of vertices contained in a complete subgraph of G. In other words, !(G) is
the maximum number l such that the complete graph Kl admits a homomorphism to
G. It is obvious that (G)¿!(G). But the gap between the two parameters  and !
can be arbitrarily large.
A graph G is called a perfect graph if (H)=!(H) for each induced subgraph H
of G, and a graph is called imperfect if it is not perfect. The perfect graphs has been
extensively studied (see [6]).
Perfect Graph Conjecture (PGC; Berge [1], Ramirez-Alfonsin and Reed [7]). A graph
is perfect if and only if neither itself nor its complement contains an induced subgraph
isomorphic to odd cycle of length at least 0ve.
An r-circular coloring of a graph G is a mapping  which assigns to each vertex u of
G an open unit length arc  (u) of a circle C of perimeter r, such that  (u)∩  (v)= ∅
whenever uv∈E(G). A graph G is called r-circular colorable if it admits an r-circular
coloring. The circular chromatic number of G, denoted by c(G), is de0ned as
c(G)= inf{r |G is r-circular colorable}:
It was proved elsewhere [8,10] that c(G) is always attained at a rational number and
(G)− 1¡c(G)6(G) for any graph G: (1)
2. Results
Given two integers k and d such k¿2d, we use Gkd to denote the graph de0ned as
follows:
V (Gkd )= {v0; v1; v2; : : : ; vk−1};
E(Gkd )= {vivj |d6|j − i|6k − dmod k}:
B. Xu /Discrete Mathematics 258 (2002) 347–351 349
It is proved elsewhere [2,8] that
c(Gkd )=
k
d
: (2)
In [9], Zhu introduced the concept of circular clique number. The circular clique
number of G, denoted by !c(G), is de0ned as the maximum fractional k=d such that
Gkd admits a homomorphism to G. Zhu proved in [9] that
Lemma 1 (Zhu [9]). For any graph G,
!(G)6!c(G)¡!(G) + 1 (3)
and !c(G)= k=d for some k and d with gcd(k; d)= 1 implies G contains an induced
subgraph isomorphic to Gkd , where gcd(k; d) denotes the greatest common divisor of
k and d.
From (2) and Lemma 1, we know that
c(G)¿!c(G) for any graph G: (4)
Let PG be the family of perfect graphs, P! the family of graphs with the property
that !c=! for each of their induced subgraphs. From (1), (2) and (4), we have that
PG⊂P!.
Lemma 2 (Zhu [9]). Let k and d be positive integers such that k¿2d and gcd(k; d)
= 1, and G a graph obtained from Gkd by adding an arbitrary edge. Then, there are
integers k ′6k and d′6d such that G contains a subgraph isomorphic to Gk
′
d′ .
Following is our main result.
Theorem 1. A graph G∈P! if and only if G contains neither odd cycles of length at
least >ve, nor their complements as induced subgraphs.
Proof. Since either odd cycle of length at least 5 or its complement is a Gkd for some
k and d with gcd(k; d)= 1, and we know in this situation that !(Gkd )= 	k=d
 =k=d=
!c(Gkd ). So, each graph in P! contains neither an odd cycle of length at least 0ve,
nor its complement.
Now, we prove the suJciency. Suppose to the contrary, i.e., there exists a graph G
which contains neither an odd cycle of length at least 0ve, nor its complement, but
contains an induced subgraph H such that !(H) =!c(H). We choose such a subgraph
which has minimum number of vertices. In other words, each proper induced subgraph
of H has the same clique number and circular clique number.
Suppose that !c(H)= k=d, where gcd(k; d)= 1. It is certainly that k=d = 	k=d
. By
Lemma 1, H contains a subgraph H ′ isomorphic to Gkd . By the choice of H , we know
that V (H ′)=V (H). If there is an e∈E(H)\E(H ′), then by Lemma 2, !c(H)¿k=d, a
contradiction. So, H itself is isomorphic to Gkd .
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If d=2, then k¿5 is odd and Gkd is the complement of an odd cycle Ck . If
!(H)= 2, then Gkd is the cycle Ck . Because each even cycle has the same clique
number and circular clique number, by the choice of H; Ck must be an odd cycle of
length at least 5. Now, we assume that 2¡d¡(k−1)=2 and k = ld+r, where 0¡r¡d.
Let the vertices of Gkd be x0; x1; : : : ; xk−1 which are arranged into a circle in clockwise
order such that xi is adjacent to xj if and only if k − d¿|j − i|¿d. Let
A= {xid; x(i+1)d−1 | i=0; 1; 2; : : : ; l− 3} ∪ {x(l−1)d−2; x(l−1)d−1; xld−2}:
|A|=2(l − 1) + 1. By the de0nition of Gkd , it is not diJcult to verify that A induces
a subgraph isomorphic to G2(l−1)+12 . But
!c(G
2(l−1)+1
2 )=
2l− 1
2
= l− 1=!(G2(l−1)+12 );
a contradiction to the choice of H .
From this conclusion, the validity of the PGC implies that PG=P!. An imperfect
graph G is called a critical imperfect graph if G is imperfect but each of the proper
induced subgraph of G is perfect. Another version of the PGC says that the only critical
imperfect graphs are either odd cycles of length at least 0ve, or their complements.
Following are two characterizations for perfect graphs.
Lemma 3 (Lovasz [4]). If G is a critical imperfect graph, then |V (G)|=
(G)!(G)+1.
Lemma 4 (Lovasz [5]). A graph G is perfect if and only if each induced subgraph
H of G has an independent set A such that !(H\A)¡!(H).
As corollaries of Theorem 1, we have:
Theorem 2. The PGC is valid if and only if !c(G) =!(G) for each critical imperfect
graph.
Proof. The necessity is trivial. Now we prove the suJciency. Suppose that it is not the
case, i.e., !c(G) =!(G) for each critical imperfect graph, but there is critical imperfect
graph G1 which is neither an odd cycle of length at least 0ve, nor its complement.
Because !c(G1) =!(G1), by Theorem 1, G1 contains an odd cycle of length at least 5,
or its complement as induced subgraph. This contradicts to the choice of G1.
Theorem 3. The PGC is valid if and only if for each G∈P! and an arbitrary induced
subgraph H of G, there exists an independent set A of H such that !(H\A)¡!(H).
Proof. If the PGC is valid is valid, then by Theorem 1, P=P!. Then, the conclusion
follows from Lemma 4.
If for each G∈P! and an arbitrary induced subgraph H of G, there exists an in-
dependent set A of H such that !(H\A)¡!(H), then we have also that P=P!. By
Theorem 1, the PGC is certainly valid.
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Finally, we propose the following two conjectures. By Theorem 2 and Theorem 3,
these two conjecture are obviously equivalent to PGC.
Conjecture 1. !c(G) =!(G) for each critical imperfect graph G.
Conjecture 2. Each induced subgraph H of a graph G∈P! has an independent set A
such that !(H\A)¡!(H).
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